Abstract. Recently, the use of Polynomial Chaos Expansion (PCE) has been increasing to study the uncertainty in mathematical models for a wide range of applications and several extensions of the original PCE technique have been developed to deal with some of its limitations. But as of to date PCE methods still have the restriction that the random variables have to be statistically independent. This paper presents a method to construct a basis of the probability space of orthogonal polynomials for general multivariate distributions with correlations between the random input variables. We show that, as for the current PCE methods, the statistics like mean, variance and Sobol' indices can be obtained at no significant extra postprocessing costs. We study the behavior of the proposed method for a range of correlation coefficients for an ODE with model parameters that follow a bivariate normal distribution. In all cases the convergence rate of the proposed method is analogous to that for the independent case. Finally, we show, for a canonical enzymatic reaction, how to propagate experimental errors through the process of fitting parameters to a probabilistic distribution of the quantities of interest, and we demonstrate the significant difference in the results assuming independence or full correlation compared to taking into account the true correlation.
Introduction
To describe real-life phenomena we often make use of deterministic mathematical models. Typical constituents of such models are assigned a definite value and we seek a deterministic solution to the problem. In reality, however, those phenomena will almost always have uncertain components: unknown parameters, imprecise experimental data, etc.. A precise mathematical description should reflect such uncertainties. In other words, the parameters of a mathematical model of a real-life problem possess randomness with, most likely, some degree of correlation between them as well. In studying the propagation of the uncertainty through the model and its effect on the final solution the great majority of the current techniques usually ignores the correlations between random inputs. The simplest approach to study the model uncertainty is to apply a Monte Carlo sampling [1] , where -once a probability density function (pdf) for the random inputs is assumed based on the a priori knowledge about them -the mean and other characteristics can be estimated from the output distribution, by sampling repeatedly from the assumed probability density function and simulating the model for each sample. Although with this approach it is possible to consider the correlations between variables, it yields reasonable results only if the number of samples is quite large, requiring a great computational effort. Moreover, the order of convergence is merely √ N , where N is the number of samples. To decrease the computational effort, several modifications leading to new methods were introduced: Latin hypercube sampling [17] , the Quasi-Monte Carlo (QMC) method [8] , the Markov Chain Monte Carlo method (MCMC) [19] , the Response Surface method (RSM) [26] , etc.. Alternatively, deterministic methods to study parameter sensitivity have also been developed, e.g., perturbation methods [13] , local expansion-based methods like Taylor series, and so on. In this paper we consider Polynomial Chaos Expansion (PCE), which experienced an increasing relevance during the last years. The method is based on Wiener's [36] homogeneous chaos theory published in 1938. Cameron and Martin [4] proved convergence for the classical Wiener-Hermite PC expansions based on the Hermite polynomial functionals in terms of Gaussian random variables. In the sixties of the last century some successful applications appeared [14, 24] . For non-Gaussian random variables, however, PCE was very slow, leading to a decrease of interest in the method. To solve this problem, the PCE method was extended to polynomials of the Askey scheme in [41] . It sparked again new interest for this method, but application tasks demanded further adaptation of the method to general distributions. For this reason, several PCE extensions have been developed in the last years [23, 35, 37, 38, 39] . A theoretical framework for arbitrary multivariate probability measures was laid out in [30] . These polynomial chaos expansion methods have been shown to be effective in a large amount of applications in different fields as can be seen in the literature: air-water flows in soil [29] , chemical reactions [34] , fluid dynamics [11, 21] , stability and control [12] , etc.. New and promising fields could be (bio)chemistry and artificial intelligence, e.g., uncertain case-based reasoning [9, 5] . However, the method still has its limitations: (i) for large numbers of random variables, PCE becomes -unacceptably -computationally expensive, and (ii) the random variables have to be statistically independent. Therefore, usually the uncertain inputs are assumed to be independent or fully correlated. To apply PCE when the inputs are linearly correlated, some methods have been proposed: linear transformations [22, 27] , K-L expansion [16] or proper orthogonal decomposition [18] . All of these fix the problem by applying transformations to remove the correlations, which increases the complexity of the problem and degrades the convergence rate because of increased nonlinearity [7] .
In this paper, we propose a -more fundamental -solution for the latter of those limitations, since correlations can have strong dynamical effects on the final solution as we will also show. We present a method to construct an orthogonal polynomial basis for any general multivariate distribution, including those with correlated random variables. The outline of this paper is as follows: In Section 2 the extension is presented of the polynomial chaos expansion to general multivariate distributions and the derivation of the statistics of the Quantities of Interest (QoI) -like mean, variance, and Sobol' indices -is discussed. In Section 3 we show for an ODE dependent on a bivariate normal distribution the effect of the strength of the correlation -from uncorrelated to fully correlated -on the solution. We also show that in all these cases the convergence rate for increasing expansion order is the same, i.e., the proposed method shows the same favourable convergence rate as the original PC method for an uncorrelated multivariate normal distribution. We then apply the method on a simple but realistic example from biochemistry, viz. the canonical enzymatic reaction [3] , that has been used in a previous paper [2] to display the effect of noisy data on the reliability of the estimated parameters. We show that true propagation of the uncertainty in the parameters -i.e., including the correlation -effects the uncertainty in the QoI, the concentration of the product, significantly. Section 4 contains a discussion and concluding remarks.
PCE for multivariate arbitrarily distributed input variables
In this section we extend the polynomial chaos expansion for arbitrarily distributed independent random variables to the multivariate arbitrarily distributed PC expansion.
2.1. Polynomial chaos expansion. Consider the following stochastic equation in the probability space (Ω, A, P ) where Ω is the event space, A ⊆ 2 Ω its σ-algebra and P its probability measure
where u(x, ξ(ω)) is the stochastic solution vector, L is a differential operator, and f a source function; x is the vector of deterministic input variables describing, e.g., time or space, and ξ(ω) is the n-dimensional vector of random input variables, with joint probability density function ρ(ξ(ω)); ξ typically contains the uncertainties in model parameters or initial and boundary conditions. In order to make the notation less cumbersome, we denote the realization of a random vector ξ(ω), for ω ∈ Ω, by ξ ∈ Ξ, with Ξ the support of the pdf. In the polynomial chaos method the random input ξ and the solution u are expanded into a series of polynomials
separating the deterministic and the random variables. The Φ i (ξ) are n-dimensional polynomials that are mutually orthogonal with respect to the probability density function ρ(ξ)
with δ ij the Kronecker delta and ||Φ i || 2 = Φ i , Φ i . For independent random variables the Φ i 's are tensor products of one-dimensional polynomials, Φ i (ξ) = n j=1Φ j i (ξ j ). To determine the polynomial chaos expansion coefficients ξ i and u i (x) there are two main-stream methods, viz. Spectral Projection and Galerkin. Both project onto the polynomial space, but whereas in the spectral projection approach the expansion (2) is projected, in the Galerkin approach the governing equation (1), with the expansion substituted, is projected onto the polynomial space. Typically, for the random input variables the first approach is chosen, resulting in
If the function is truely nonlinear aliasing is a threat for the accuracy [40] , therefore we will use the Galerkin method to obtain the solution. The expansions (2) are substituted into the stochastic equation (1) before being projected
In practice, the number of expansion terms is truncated to (6) (
where p is the highest order of the polynomials and the integrals are either computed exactly or approximated using quadrature rules or Monte Carlo sampling. E.g., for a system of ODEs the differential operator in the left-hand side of (1) reduces tou(t, ξ) and its projection onto Φ j tou j (t) ||Φ j || 2 .
2.2. Multivariate arbitrarily distributed input variables. In [39] a method has been proposed to extend the polynomial chaos method to an arbitrarily distributed univariate distribution. The one-dimensional polynomials Φ i (ξ) are constructed to be mutual orthogonal with respect to an arbitrarily pdf ρ(ξ) using the well-known and robust Gram-Schmidt orthogonalization method (see e.g. [10] ). This method can be extended to multivariate independent random variables, where the orthogonal multidimensional polynomials are the product of the constructed one-dimensional orthogonal polynomials. Here we use the same orthogonalization approach to construct directly a multidimensional orthogonal polynomial basis, {Φ j (ξ)} N j=0 , for correlated multivariate random input variables. Since the Gram-Schmidt method constructs from an arbitrary basis a basis that is orthogonal with respect to a given innerproduct, the first step is the choice of a suitable set of linearly independent polynomials. It should be noticed that any linearly independent set of polynomials can be used in this method, but for simplicity we will use the set of monic polynomials {e j (ξ)} N j=0 given by
. . , p}, and
where n is the dimension of the random vector ξ, p the highest polynomial degree chosen, and N + 1 the dimension of the polynomial basis given by Equation (6). E.g., if n = p = 2 then N + 1 = 6 and the set of linearly independent polynomials
where the coefficients c jk are given by
and the innerproduct is taken with respect to the pdf ρ(ξ). Note, that the basis is not unique, it is dependent on the choice and on the ordering of the set of polynomials {e j }.
Since each polynomial of the orthogonal basis {Φ j (ξ)} N j=0 can be written as a sum of the monic polynomials e j (ξ), the inner products in Equation (9) can be calculated as sum of raw moments (10) µ
. . , 2p}, and
With this procedure we immediately get a set of multidimensional orthogonal polynomials. Note, that if the random variables are independent these polynomials are the same as the ones obtained by taking the tensor-products of the one-dimensional orthogonal polynomials. Once these multidimensional orthogonal polynomials have been computed the PCE method can be applied analogously to the independent case, i.e., projection onto the polynomial space of either the expansion or the equation with the expansion substituted.
2.2.1. Statistics. Part of the ease of use of PCE is the simplicity with which one obtains the most used statistics of the QoI: mean, variance, and Sobol' indices can be directly expressed using the expansion coefficients [32] . As a consequence of the orthogonality of the basis {Φ j (ξ)} N j=0 this favorable feature still holds for the mean and variance , i.e., mean and variance of the solution vector u in Equation (2) are given by
The Sobol' indices [31, 15, 32, 25] measure the influence of varying only the specified combination of variables on the total variance. They are based on the terms of the Sobol' decomposition of the QoI
where M 0 (x) = µ ξ (x), and the terms M l are recursively given by
with the marginal expectation given by
where ξ −l indicates all elements of ξ except ξ l . It is easy to see that this expansion holds, since M 1,...,n (x, ξ) equals u(x, ξ) minus all previous terms. Note, that this is an extension to general distributions of the original definition of Sobol' [31] , which was for
Using decomposition (13) the variance of the QoI is decomposed
The Sobol' indices are now defined as the -normalized -covariance between the respective terms in the expansion and the QoI
Following [15] (cf. also Eq. (16)), we decompose the Sobol' indices in a part that is dependent on the respective variables and a part that is due to the correlation with all other variables
, and (19) (20) where the index S l (x) represents that part of the variance of the QoI that is due to the variance of the set of variables ξ l , S u l (x) represents the uncorrelated share of it, that is the contribution to the variance that comes from the set of variables ξ l by themselves, and S c l (x) represents the correlated share, the contribution to the variance of the QoI that comes from the correlation of the set of the variables ξ l with the set of variables ξ − l . The total influence of a single variable, ξ j , including that part of the variance due to variable ξ j alone and the fraction due to any combination of ξ j with the remaining variables is given by
and analogous definitions for S
l (x) can be either positive or negative and therefore S l (x) can also be either positive or negative. This makes the interpretation and more specific the influence-based ranking of the variables less easy than in the case of independent variables. For the variables with small S c values the "normal ranking"
can still be used, but when the Sobol' indices for a variable have a large S c part, the interpretation is still an open issue.
For the computation of the Sobol' indices it is useful to notice that a Sobol' index can be written as a sum of Sobol' indices of the Φ-terms with the appropriate coefficient, since u(x, ξ) is a linear combination of Φ's (see also [32] ). For independent random variables the polynomials Φ (and the distribution ρ) are products of univariate contributions which implies that
For a non-zero marginal expectation, the contribution to the numerator of the Sobol' index, consisting only of the uncorrelated part (19) , is then given by
So, if the polynomial
the contribution to the Sobol' index is given by the expansion coefficient u j (x) and otherwise it is zero. For correlated random variables the orthogonality property used in (22) no longer holds and a Sobol' index is no longer given by a simple combination of expansion coefficients. Fortunately, the same trick of separating the variables can still be used to compute the marginal expectation and the covariance thereof, albeit at a lower level: each u(x, ξ) is a linear combination of Φ's which themselves are linear combinations of the monic polynomials e j (ξ), so each Sobol' index can be calculated as a linear combination of already computed raw moments with respect to the full pdf
Note, that in this short-hand notation µ
The e j -contribution to the numerator of the Sobol index S u l (19) is then given by
Analogously, the numerator of the Sobol' index S c l (20) can be written as a combination of moments, since
All these moments have already been computed in the construction of the polynomial basis {Φ j (ξ)} N j=0 , which implies that also the Sobol' indices can be obtained without additional cost, although some bookkeeping is required.
Remark. Note, that the method is applicable to any type of continuous or discrete input probability distribution including an experimentally obtained one. The only requirement is that the innerproducts of monic polynomials can be calculated, which are moreover only dependent on the distribution and not on the problem at hand.
Examples
We illustrate the proposed method with two examples to demonstrate the significant influence of correlations between stochastic inputs on the distribution of the QoI. The first example is a scalar ODE in two-dimensional random space; for this example we study also its numerical behavior. The second example is a set of four ODEs in threedimensional random space, where we show the propagation of the resulting uncertainty in the parameters into the uncertainty in the QoI, the concentration of the product.
Decay equation.
Consider the scalar ODE (27) y (t; α, β) = −α(y(t; α, β) − β),
with two random jointly distributed input variables (α, β) ∼ N (µ, Σ), where the mean µ and the covariance matrix Σ are given by
, with σ α = σ β = 0.25.
The correlation coefficient varies from uncorrelated to fully correlated, i.e., = {0, ±0.5, ±0.9, ±1}. Note, that the random input to the problem is univariate when the correlation coefficient = ±1
We want to show the effects of correlation and the convergence rate of the method for increasing expansion order uncontaminated with errors in the computation of the polynomials or the projections. Since the analytic expression of the pdf of the correlated Gaussian distribution is known, all moments, and the integrals thereof -necessary to compute the polynomial basis, the projection of the right hand-side, and the statistics -are computed exactly with the moment-generating function using the Symbolic toolbox of Matlab [20] . The projection of the truncated Eq. (5) onto the polynomial basis results in a system of ODEs of the size of the expansion order. This system is solved with the accurate Matlab ODE solver ODE45 with AbsTol 1e-6 (default) and RelTol changed to 1e-6. Figures 1-2 show all polynomials of order 0, 1 and 2 for correlation coefficients = {0, ±0.5}. The plots show clearly the non-uniqueness of the orthogonal basis, viz., the influence of the ordering of the monic polynomials (7): the first polynomials of a new order, Φ {0,1,3} , are independent of the correlation coefficient and only determined by the first monic polynomial e {0,1,3} of that order, the next ones of the same order, Φ {2,4,5} , are different and dependent on the correlation. In Figure 3 we show the stochastic mean and standard deviation of the solution of Eq. (27) for the seven values of the correlation coefficient using a PCE expansion of 45 terms, which corresponds to a polynomial order of 8 and the polynomial basis calculated with the proposed method. The results are plot accurate, in the cases of no or full correlation with the ones obtained with the Hermite polynomial basis and same order, and with Monte Carlo simulations for the correlated distributions. The importance of propagating the true input distribution is especially seen in the standard deviation, where neither uncorrelated nor fully correlated give a reasonable approximation for a distribution with correlation ±0.5. This is also reflected in the Sobol' indices. Figure 4 shows for all correlation coefficients the evolution of the Sobol' indices (18) over time and the decomposition into the uncorrelated (19) and the correlated (20) part. These plots and Table 1 show how nicely the contributions of the variables itself and of the correlated variables follow the strength and sign of the correlation coefficient .
Remark. The fully correlated and uncorrelated results do not necessarily bound the correlated ones. E.g., for a delta function response which is located just off the diagonal, full correlation results in a zero variance, and no correlation gives a lower variance than correlation. To answer the question whether the method has the same favourable convergence behavior as the original expansion for independent normal random variables (cf.
[4]), we have performed an error convergence study using the following error measures where t f = 1 is the final time point, µ p and σ p correspond to the mean and the standard deviation obtained with PC expansion of order p, and µ exact and σ exact are the reference solutions, in this case obtained with p = 8.
As we can see in Figure 5 the convergence rate of the error for increasing expansion order is for all correlation coefficients the same, showing that the convergence rate (27) of the original PCE method for independently normally distributed input variables is conserved.
Enzymatic reaction. Consider the canonical enzymatic reaction
where the concentrations of the substrate S, the enzyme E, the complex C, and the product P are the state variables and k 1 , k 2 , and k 3 are the kinetic rate constants. This example has been used in a previous paper [2] to show the effect of noisy data on the reliability of the estimated parameters using linear regression. However, in most cases biologists are not so much interested in accurate model parameters, but in an accurate solution of the QoI, in this case the concentration of the product P. We now can propagate the uncertainty in the parameters, given by the Fisher information matrix, so including correlation between the kinetic parameters, through the model to obtain the pdf for the QoI P . The mathematical model for this enzymatic reaction is given by the following system of ODEs: To study the propagation of the uncertainty through the model, the parameters are assumed to be random and their pdf is built based on the results in [2] . Thus, we assumed that the parameters follow a uniform distribution with mean the optimal value of the parameters µ = (0.683, 0.312, 0.212), standard deviation σ = (0.206, 0.175, 0.031) based on the amplitude of the confidence intervals (with multiplication factor limited to 6.25 to Figure 5 . Convergence of the error in mean and standard deviation for the decay equation (27) avoid entering the non-physical negative parameter space), and C the correlation matrix also obtained from the Fisher information matrix; as in the previous example, the fully correlated case, C f , and the uncorrelated case, C u , are also studied
As the analytic expression for the pdf of the joint distribution of two or more correlated uniform variables is unknown, we cannot use the moment-generating function to calculate all the required moments. Therefore, Monte Carlo integration will be used in this example. To generate sampling points from a correlated multidimensional uniform distribution we used the standard approach of computing them from the correlated normal distribution (see, e.g., [6] ). Again, the problem collapses to one-dimensional in the fully correlated case, correlation matrix C f . The only parameter in this case follows the standard uniform distribution U(0, 1). For all three cases -correlated, uncorrelated, and fully correlated -we applied PCE with Galerkin projection to Eq. (32) . Figures 6 and 7 show the obtained mean and standard deviation of all concentrations, respectively. Note, that the concentration of the complex C has an equal dynamic behaviour -with opposite sign -as that of the enzyme E. Again, it can be clearly seen from Fig. 7 that the amount of correlation between the random parameters has a significant impact on the variance of the stochastic state variables. Without correlation the pre-equilibrium dynamics are seen only in the complex C, and as a consequence in the enzyme E, whereas the dynamics of the variance in the product P simply follow those of the substrate S. With correlation the pre-equilibrium dynamics show up also in the substrate S. This difference is displayed too in the evolution of the Sobol' indices over time, see Figs. 8 and 9 (left column). From the plots in Fig. 9 it is again obvious that the interpretation of the Sobol' indices -and thus the ranking of the random variables -is less clear in case of correlated random variables. First of all, the Sobol' indices are no longer positive, and secondly, the contribution due to correlation can completely cancel the contribution from the variable itself, resulting in a small Sobol' value, but fixing such a variable would have a large impact on the outcome. Ranking variables is often done based on the Sobol' indices. Depending on the timeframe of interest, one can use as measure, e.g., the integral over time of the Sobol' indices, or the Sobol' indices in a specific point. As an example of the latter we study at the final time-point, t f = 20, which part of the variance of the concentrations is due to the variance of respective input variables. Tables 2 and 3 give the Sobol' indices and the total Sobol' indices, respectively, for the random variables k 1 , k 2 , and k 3 . Note that the sum of the Sobol' indices equals one and for the uncorrelated case the S c values should be zero, so the deviation of these values gives the error in the approximation, in this case mostly due to the approximation of the high-order moments needed for the Sobol' indices. From Table 3 one can deduce that, in the uncorrelated case, decomposing the variance of the concentration of the substrate S would lead to the conclusion that the random variable k 3 can be fixed to the nominal deterministic value, since its influence on the variance of S is negligible. In the correlated case, however, this is no longer true. One can also see that especially for k 1 and k 2 the interpretation of the Sobol' indices is not trivial, e.g., for C the influence of k 1 is very small but this is due to cancellation of the S u and S c contribution. As stated before, the interpretation of the Sobol' indices for correlated random variables is largely an open issue, but it is clear that in general less random input variables can be fixed to their nominal deterministic values. 
Discussion and concluding remarks
In this paper we extended the PCE method to general multivariate distributions, including correlations between the random input variables, by constructing an orthogonal Table 3 . Total Sobol' indices in the final time point t f = 20. The left part of the table corresponds to the uncorrelated case, correlation matrix C u ; the right part to the correlation matrix C obtained from the FIM.
for the current PCE implementations. This method makes it possible to compute for a set of random input variables with any multivariate distribution, including an experimentally determined one, the stochastic distribution of a Quantity of Interest. An application we studied is the true propagation of experimental errors through the parameter-fitting process onto the state variables, so that a QoI based on these state variables is described as a distribution and, e.g., optimal experimental design can be applied to reduce the variance in such a QoI. In this paper we used either exact integration or Monte Carlo to compute the moments and the projection onto the polynomial basis, but for the latter Gauss quadrature is under development.
There are a few remarks to make with respect to the method
• As for other PCE methods, the polynomial base is only dependent on the multivariate distribution of the random input variables. Once computed, all problems with random input variables described by this pdf can be solved using the same base.
• To obtain the polynomial basis raw moments are needed which have to be computed accurately enough not to pollute the results. This is not a trivial task for high dimensional problems or a high polynomial order. E.g., in our first example, the size of the moments range in order of magnitude from 1 for the first ten orders to 10 15 for order 75 for an uncorrelated Normal distribution.
If the correlation coefficient equals 0.9 the latter order of magnitude is even much higher: 10 21 for moments of order 75.
• The orthogonal polynomial basis is not unique, it is dependent on the choice and ordering of the original set of linearly independent polynomials. It is an open question at the moment whether there is an optimal choice for this original set of polynomials, e.g., to reduce the magnitude of the moments required or to simplify computations.
• Whereas in the uncorrelated case interpretation of Sobol' indices and ranking of the influence of the variation of the random input variables on the variance in the QoI is more or less straighforward, this is no longer true for correlated random variables.
